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Abstract
We construct Otto–Villani’s coupling for general reversible diffusion processes on a
Riemannian manifold. As an application, some new estimates are obtained for Wasserstein
distances by using a Sobolev–Poincare´ type inequality introduced by Lata"a and Oleszkiewicz.
The corresponding concentration estimates of the measure are presented. Finally, our main
result is applied to obtain the transportation cost inequalities on the path space with respect to
both of the L2-distance and the intrinsic distance. In particular, Talagrand’s inequality holds
on the path space over a compact manifold.
r 2002 Elsevier Science (USA). All rights reserved.
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1. Introduction
In 1996, Talagrand [16] proved the following transportation cost inequality for the
standard Gaussian measure m on Rd :
W2ð f m; mÞ2p2mð f log f Þ; fX0; mð f Þ ¼ 1;
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where
W2ð f m; mÞ2 :¼ inf
pACð f m;mÞ
Z
RdRd
jx  yj2pðdx; dy Þ
for Cð f m; mÞ the set of all probability measures on Rd  Rd with marginal distributions
f m and m: In 1999, such an inequality was established by Otto and Villani [13] on a
Riemannian manifold for a probability measure m :¼ eV dx such that the log-Sobolev
inequality holds and such that RicHessV is bounded below. Their proof is based on
a coupling constructed via a differential equation driven by the gradient of the
semigroup generated by DþrV : The same result but without the curvature condition
was then proved by Bobkov et al. [3] using Hamilton–Jacobi equations.
In this paper, we aim to generalize the above-mentioned result for Lp-Wasserstein
distances (2XpX1) on Riemannian manifolds and on the path space of a diffusion
process. See [10] for results with p > 2:
Let M be a connected Riemannian manifold, and let VAC3ðMÞ be such that
m :¼ eVðxÞ dx is a probability measure, where dx is the Riemannian volume element.
Let A : TM-TM be a C3-mapping such that AðxÞ is a strictly positive deﬁnite,
symmetric linear operator on TxM for each xAM: Deﬁne
Eð f ; gÞ :¼ mðGð f ; gÞÞ ¼ mð/Arf ;rgSÞ; f ; gACN0 ðMÞ;
where Gð f ; gÞ :¼ /Arf ;rgS for f ; gAC1ðMÞ: Then ðE;CN0 ðMÞÞ is closable in
L2ðmÞ: Let ðE;DðEÞÞ be the closure which is a Dirichlet form on L2ðmÞ:
Next, let rA be the distance induced by A; i.e.
rAðx; y Þ ¼ supff ðxÞ  f ðy Þ : fAC1ðMÞ; Gð f ; f Þp1g
¼ inf
Z 1
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
/A1 ’ls; ’lsS
q
ds : lAC1ð½0; 1; MÞ; l0 ¼ x; l1 ¼ y
 
; x; yAM:
Let L :¼ divðArÞ þ ArV : We assume that
(A) the L-diffusion process is non-explosive and ðM;rAÞ is a complete metric space.
Under (A), one has 1ADðEÞ with Eð1; 1Þ ¼ 0 and the semigroup Pt of the L-
diffusion process coincides with that associated to ðE;DðEÞÞ: Refer to [12] for
general results on Dirichlet forms.
For pX1; let WrAp denote the Lp-Wasserstein distance induced by rA; i.e. for two
probability measures m1; m2;
WrAp ðm1; m2Þ :¼ inf
pACðm1;m2Þ
Z
MM
rAðx; y Þ ppðdx; dy Þ
 1=p
; pX1:
To establish a transportation cost inequality for W
rA
p ; we shall use the following
Beckner type functional inequality for pA½1; 2:
ðIpÞ mð f
2Þ  mð f pÞ2=p
2 p pCEð f ; f Þ; fX0; fADðEÞ;
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where C > 0 is a constant and when p ¼ 2 the right-hand side is set to be its limit
mð f 2 logð f =jj f jj2ÞÞ as p-2: Obviously, (I1) is nothing but the Poincare´ inequality,
while (I2) coincides with the log-Sobolev inequality
mð f 2 log f 2Þp2CEð f ; f Þ þ mð f 2Þ log mð f 2Þ; fADðEÞ: ð1:1Þ
As an extension to known results concerning semigroup properties for the
Poincare´ and log-Sobolev inequalities, we show that ðIpÞ is equivalent to (see
Proposition 4.1 below)
mððPtf Þ2=pÞ  mð f Þ2=p
2 p pe
2t=C mð f 2=pÞ  mð f Þ2=p
2 p ; tX0; fX0; fAL
2=ðp42ÞðmÞ: ð1:2Þ
See Section 4 for more results concerning ðIpÞ:
The following result extends the corresponding one due to Otto and Villani [13] as
well as Bobkov et al. [3]. The appearance of the mapping A will be useful in
application to the path space (see e.g. Section 5.2 below).
Theorem 1.1. Assume (A). Let pA½1; 2: If ðIpÞ holds then
WrAp ð f m; mÞpp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Cðmð f 2=pÞ  1Þ
2 p
s
; fX0; mð f Þ ¼ 1; ð1:3Þ
where we set ðmð f 2=pÞ  1Þ=ð2 pÞ ¼ 1
2
mð f log f Þ for p ¼ 2: Consequently, ðIpÞ implies
WrAp ððPtf Þm; mÞppet=C
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Cðmð f 2=pÞ  1Þ
2 p
s
; fX0; mð f Þ ¼ 1; tX0:
We note that when pAð1; 2Þ; ðIpÞ is qualitatively equivalent to the Poincare´
inequality ðI1Þ: Indeed, since mð f pÞ2=pXmð f Þ for fX0 and for pX1; ðIpÞ follows
from ðI1Þ up to the constant C; while the converse follows from Proposition 4.1
below. To interpolate ðI1Þ and ðI2Þ qualitatively, we consider the following inequality
introduced by Lata"a and Oleszkiewicz [11] for aA½0; 1:
ðIðaÞÞ sup
pA½1;2Þ
mð f 2Þ  mð f pÞ2=p
ð2 pÞa pCEð f ; f Þ; fX0; fADðEÞ:
It is easy to check that ðIð0ÞÞ ¼ ðI1Þ; the Poincare´ inequality, and ðIð1ÞÞ reduces to
the log-Sobolev inequality (see [11]). The following example shows that ðIðaÞÞ is
qualitatively stronger than ðIðbÞÞ if a > b: This example is included in [11, Theorem
2] when M ¼ R; and the present version is taken from [18, Corollary 1.3].
Example 1.1. Assume that the Ricci curvature of M is bounded below. Let A ¼ I;
the identity operator, and let VACðMÞ such that V þ lrr is bounded for some l > 0
and some rAð1; 2; where r is the Riemannian distance function to a ﬁxed point.
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Then ðIðaÞÞ holds for a ¼ 2ðr  1Þ=r and some C > 0; but does not hold for any
a > 2ðr  1Þ=r and any C > 0:
As a consequence of Theorem 1.1, we have the following result.
Corollary 1.2. Under (A). If ðIðaÞÞ holds for some aA½0; 1; then
WrAp ð f m; mÞpp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Cðmð f 2=pÞ  1Þ
ð2 pÞ2a
s
; pA½1; 2Þ; fX0; mð f Þ ¼ 1: ð1:4Þ
Based on an argument of [4] for the transportation cost inequality corresponding
to the log-Sobolev inequality, we have the following concentration result for (1.4)
which is compatible with Example 1.1 and generalizes [4, Corollary 3.2].
Proposition 1.3. Let aA½0; 1: If (1.4) holds, or if the even weaker inequality
W
rA
1 ð f m; mÞp inf
pA½1;2Þ
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Cðmð f 2=pÞ  1Þ
ð2 pÞ2a
s
; fX0; mð f Þ ¼ 1 ð1:5Þ
holds, then for any measurable set B with mðBÞ > 0; one has
mðBchÞ :¼ mðfx : rAðx;BÞXhgÞ
p inf
pA½1;2Þ
1þ 1
C
ð2 pÞð2aÞ=2h
p

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Cð2 pÞ
pmðBÞð2pÞ=p
log mðBÞ1
s !2
þ
8<
:
9=
;
p=ð2pÞ
; ð1:6Þ
where aþ :¼ maxf0; ag for aAR: Consequently,
mðBchÞ
p
exp  1
2C
h 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2C log mðBÞ1
q 2
þ
" #
; if a ¼ 1;
1þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 ap  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃCðaÞh2=ð2pÞ
mðBÞCðaÞh2=ð2aÞ
log mðBÞ1
r 2
þ
( )h2=ð2aÞ=CðaÞ
;
if hXCðaÞð2aÞ=2; 0pao1;
8>>>>><
>>>>:
where CðaÞ :¼ ðð1 aÞC2aÞ1=ð2aÞ: In particular,
lim sup
h-N
h2=ð2aÞ log mðBchÞp
1
CðaÞ logð2 aÞ;
where the right-hand side tends to  1
2C
as am1:
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We shall prove Theorem 1.1 in Section 3 by using Otto–Villani’s coupling. To this
end, we prove in the next section that their construction of the coupling is still valid
in our general setting. Moreover, the functional inequality ðIpÞ is studied in Section
4. In particular, some sufﬁcient conditions are presented for this inequality to hold
using the gradient estimate of the semigroup. Finally, in Section 5 we apply Theorem
1.1 to the path space of a diffusion process. We obtain the transportation cost
inequalities with respect to the L2-distance and the intrinsic distance.
2. Otto–Villani’s coupling
Let L :¼ divðArÞ þ ArV ; and let Pt be the semigroup of the L-diffusion process.
Let fACNc ðMÞ :¼ ff þ C : fACN0 ðMÞ; CARg such that mð f Þ ¼ 1 and e1XfXe for
some eAð0; 1Þ: Let mt :¼ ðPtf Þm which is a probability measure for each tX0: Let us
ﬁx t > 0: To estimate the Wasserstein distance between mt and mtþs for s > 0; Otto
and Villani constructed a coupling ( for A ¼ I) in the following way. Let xtþsðxÞ :¼
r log Ptþs f ðxÞ which is C1 in ðs; xÞ since A and V are C3 (see [8]). Then the
equation
d
ds
fs ¼ ðAxtþsÞ3fs; f0 ¼ I ; sX0 ð2:1Þ
has a unique solution. If A ¼ I; ðM; rÞ is complete, and fjxtþsj : sA½0;T g is
uniformly bounded for each T > 0 (it is the case RicHessV is bounded below),
then the solution to (2.1) is nonexplosive and fs : M-M is a C
1-homeomorphism
for each sX0: Hence (see [13, pp. 382–383])
psðdx; dy Þ :¼ mtðdxÞdfsðxÞðdy Þ ð2:2Þ
provides a coupling of mt and mtþs; where dfsðxÞ denotes the Dirac measure
at point fsðxÞ: In this section we prove that fs is well deﬁned and (2.2) determines a
coupling without any extra condition. To this end, we ﬁrst prove the following
lemma.
Lemma 2.1. Under (A). For fACNc ðMÞ with e1XfXe; the unique solution to (2.1) is
nonexplosive with rAðx;fsðxÞÞpc
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sðs þ 1Þp for some c > 0; all xAM and all
sX0: Moreover, for each sX0; fs : M-M is a C
1-homeomorphism with f1s
satisfying
d
du
*fu ¼ ðAxtþsuÞ3 *fu; *f0 ¼ I : ð2:3Þ
Proof. It sufﬁces to prove for noncompact M: Let xAM be ﬁxed, and let
tnx :¼ inffsX0 : rAðx;fsðxÞÞXng; nX1:
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If tx :¼ limn-N tnxoN; then there is a sequence fsngCð0; txÞ such that
rAðx;fsnðxÞÞXn: But for sotx one has
 d
ds
ðlogðPtþs f ÞÞðfsðxÞÞ ¼  xtþs3fs;
d
ds
fsðxÞ
 
 PtþsLf
Ptþs f
 
3fsðxÞ
X/ðAxtþsÞ3fsðxÞ; xtþs3fsðxÞS
jjLf jjN
e
:
Then
Z sn
0
/ðAxtþsÞ3fsðxÞ; xtþs3fsðxÞSdsp
jjLf jjNsn
e
þ log e2:
Therefore, letting jX jA :¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
/A1X ;XS
p
for XATM; we obtain
n2 ¼ rAðx;fsnðxÞÞ2 ¼
Z sn
0
d
ds
rAðx;fsðxÞÞ
 
ds
 2
p
Z sn
0
d
ds
fs


A
ds
 2
p sn
Z sn
0
/ðAxsþtÞ3fsðxÞ; xsþt3fsðxÞS dsp
jjLf jjNs2n
e
þ sn log e2:
Letting n-N we prove that tx ¼N: Moreover, replacing sn by s we obtain that
rAðx;fsðxÞÞpc
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sðs þ 1Þp for some c > 0 and all sX0; xAM:
Finally, for ﬁxed s > 0; let f *fu : uA½0; sg solve (2.3). It is easy to check that
*fs ¼ f1s : Indeed, one has fsu ¼ *fu3fs (resp. *fsu ¼ fu3 *fs) for all uA½0; s; since
they solve (2.3) (resp. (2.1)) with initial value fs (resp. *fs). Hence fs is a
homeomorphism on M: &
Proposition 2.2. In the situation of Lemma 2.1 let fs solve (2.1), then (2.2) determines
a coupling ps for mt and mtþs; i.e. psACðmt; mtþsÞ:
Proof. It sufﬁces to prove that for any hAC10ðMÞ one hasZ
M
h3f1s dmtþs ¼
Z
M
h dmt: ð2:4Þ
Letting hs :¼ h3f1s ; we have hs3fs ¼ h and hence
d
ds
hs /Axtþs;rhsS ¼ 0:
Since h has compact support, by Lemma 2.1 and the completeness of ðM; rAÞ;
there is a compact set B such that hrjBc ¼ 0 for all rA½0; s: Thus, by the
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symmetry of L;
d
dr
Z
M
hr dmtþr ¼
d
dr
Z
B
hrPtþrf dm ¼
Z
B
ðPtþrf Þ d
dr
hr þ hrðLPtþrf Þ
 
dm
¼
Z
B
d
dr
hr /Axtþr;rhrS
 
dmtþr ¼ 0:
Therefore, (2.4) holds. &
3. Proofs of Theorem 1.1 and Proposition 1.3
To apply Otto–Villani’s coupling, let us ﬁrst observe that it sufﬁces to prove (1.3)
for fACNc ðMÞ with e1XfXe for some eAð0; 1Þ: Let oAM be a ﬁxed point, and let
roðxÞ :¼ rAðx; oÞ; xAM: If (Ip) holds for some pA½1; 2Þ; then it also holds for p ¼ 1
(see Proposition 4.2 below). Hence there is e > 0 such that mðeeroÞoN; see e.g. [1].
Thus for any fX0 with mð f Þ ¼ 1 and mð f 2=pÞoN; we have
mð f rpoÞpmð f 2=pÞp=2mðr2p=ð2pÞ0 Þð2pÞ=2oN:
Next, if ðIpÞ holds for p ¼ 2 (i.e. (1.2) holds), then there is e > 0 such that mðeer2oÞoN
(cf. [1]). Consequently, if mð f log f ÞoN then
mð f r2oÞp
1
e
mð f log f Þ þ mðeer2oÞoN:
Therefore, we conclude that if ðIpÞ holds and the right-hand side of (1.3) is ﬁnite,
then mð f rpoÞoN:
Now, for nonnegative f with mð f Þ ¼ 1 and mð f rpoÞoN; we may choose a
sequence of nonnegative functions ffngCCNc ðMÞ such that nXfnXn1; mð fnÞ ¼ 1;
and mð f
2=p
n Þ1
2p -
mð f 2=pÞ1
2p and mðj fn  f jrpoÞ-0 as n-N: Then fnm-f m
weakly and
lim
r-N
lim sup
n-N
mð fnrpo1fro>rgÞ ¼ 0:
Hence W
rA
p ðgnm; mÞ-WrAp ð f m; mÞ as n-N; see, e.g. [14]. Therefore, in the
proof of Theorem 1.1 we may assume that fACNc ðMÞ with e1XfXe for some
eAð0; 1Þ:
We have the following lemma analogous to Lemma 1 in [13], but here we do not
assume the curvature condition.
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Lemma 3.1. Assume (A). For strictly positive fACNc ðMÞ; we have
d
dt
mððPtf Þ2=pÞ ¼  2ð2 pÞEððPtf Þ1=p; ðPtf Þ1=pÞ; 1ppo2;
d
dt
mððPtf Þlog Ptf Þ ¼  4EððPtf Þ1=2; ðPtf Þ1=2Þ: ð3:1Þ
Proof. We only prove the ﬁrst formula since the proof of the second is similar. Let
BrðoÞ :¼ fx : rAðx; oÞprg for r > 0 and oAM; and let s on @BrðoÞ be the ðd  1Þ-
dimensional measure induced by m and the metric rA: We haveZ N
0
dr
Z
@BrðoÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GðPtf ;Ptf Þ
p
ds ¼
Z
M
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GðPtf ;Ptf Þ
p
dm
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
EðPtf ;Ptf Þ
p
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Eð f ; f Þ
p
oN;
where EðPtf ;Ptf ÞpEð f ; f Þ follows from the spectral representation of Pt: Since
ðM; rAÞ is complete, BrðoÞ is compact for each ro0: Then for ﬁxed t > 0 there is a
sequence of compact normal domains fBng such that BnmM and
R
@Bn
jrPtf jAdsk0
as nmN: Using the integration by parts formula we obtain
d
dt
Z
Bn
ðPtf Þ2=p dm ¼ 2
p
Z
Bn
ðPtf Þð2pÞ=pLPtf dm
¼  2ð2 pÞ
Z
Bn
GððPtf Þ1=p; ðPtf Þ1=pÞ dm
þ 2
p
Z
@Bn
ðPtf Þð2pÞ=pðNPtf Þ ds;
where N denotes the outward vector ﬁeld of Bn with jNjA ¼ 1: Since fACNc ðMÞ and
is strictly positive, this implies that for some constant C > 0;
d
dt
Z
Bn
ðPtf Þ2=p dmþ 2ð2 pÞ
Z
Bn
jrðPtf Þ1=pj2A dm


pC
Z
@Bn
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GðPtf ;Ptf Þ
p
ds-0 as n-N: ð3:2Þ
On the other hand, by the mean-value inequality one has
1
s
jðPtþs f Þ2=p  ðPtf Þ2=pjp sup
rA½t;tþs
d
dt
ðPtþrf Þ2=p


¼ sup
rA½t;tþs
2
p
ðPtþrf Þð2pÞ=pPtþrLf
 pC
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for some C > 0: Then
1
s
mððPtþs f Þ2=pÞ  mððPtf Þ2=pÞÞ 
Z
Bn
ððPtþs f Þ2=p  ðPtf Þ2=pÞ dm

pCmðBcnÞ:
Combining this with (3.2) we conclude that mððPtf Þ2=pÞ is differentiable in t and the
derivative is given by (3.1). &
Proof of Theorem 1.1. The main idea of the proof comes from [13] where p ¼ 2 is
considered. Let mt :¼ ðPtf Þm for a nonnegative function fACNc ðMÞ with mð f Þ ¼ 1
and e1XfXe for some e > 0: By Proposition 2.2 and (2.1) we have
1
sp
WrAp ðmt; mtþsÞ pp
1
sp
Z
M
rAðx;fsðxÞÞ pmtðdxÞ
p
Z
M
1
s
Z s
0
d
dr
rAðx;frðxÞÞ

dr
  p
mtðdxÞ
p 1
s
Z s
0
dr
Z
M
/ArPtþrf ;rPtþrfSp=2
ðPtþrf Þ p ðfrðxÞÞmtðdxÞ
¼ 1
s
Z
M
dmt
Z s
0
/ArPtþrf ;rPtþrfSp=2
ðPtþrf Þ p 3fr dr: ð3:3Þ
Since
Z
M
1
s
Z s
0
/ArPtþrf ;rPtþrfSp=2
ðPtþrf Þ p 3fr dr
( )2=p
dmt
p
Z
M
1
s
Z s
0
/ArPtþrf ;rPtþrfS
ðPtþrf Þ2
3fr dr
( )
dmt
¼ 1
s
Z s
0
dr
Z
M
/ArPtþrf ;rPtþrfS
ðPtþrf Þ dm
p1
es
Z s
0
EðPtþrf ;Ptþrf Þ drp1e Eð f ; f ÞoN;
we conclude that when pA½1; 2Þ;
1
s
Z s
0
/ArPtþrf ;rPtþrfSp=2
ðPtþrf Þ p 3fr dr : sA½0; 1
( )
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is uniformly integrable w.r.t. mt: Then for pA½1; 2Þ; (3.3) implies that
lim sup
s-0þ
W
rA
p ðmt; mtþsÞ p
sp
p
Z
M
dmt lim sup
s-0þ
1
s
Z s
0
/ArPtþrf ;rPtþrfSp=2
ðPtþrf Þ p 3fr dr
¼
Z
M
/ArPtf ;rPtfSp=2
ðPtf Þp1
dm: ð3:4Þ
Combining this with ðIpÞ we obtain
lim sup
s-0þ
1
s
WrAp ðmt; mtþsÞp
Z
M
/ArPtf ;rPtfSp=2
ðPtf Þp1
dm
( )1=p
p pEððPtf Þ1=p; ðPtf Þ1=pÞ1=2
p p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Cð2 pÞ
p EððPtf Þ1=p; ðPtf Þ1=pÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mððPtf Þ2=pÞ  1
q
¼  p
ﬃﬃﬃﬃ
C
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 pp
d
dt
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mððPtf Þ2=pÞ  1
q
:
Therefore,
dþ
dt
fWrAp ðm;mtÞg :¼ lim sup
s-0þ
W
rA
p ðm; mtÞ  WrAp ðm; mtþsÞ
s
p lim sup
s-0þ
1
s
WrAp ðmt; mtþsÞ
p  p
ﬃﬃﬃﬃ
C
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 pp
d
dt
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mððPtf Þ2=pÞ  1
q
: ð3:5Þ
Since Ptf-mð f Þ in L2ðmÞ as t-N (see, e.g. [15]), one has mððPtf Þ2=pÞ-1 and
hence mt-m weakly as t-N: Moreover, since ðIpÞ implies the Poincare´
inequality which in turn to imply the exponential integrability of rA w.r.t. m
(see, e.g. [1]), then the weak convergence of mt gives us W
rA
p ðmt; mÞ-0 as t-N:
Therefore, by taking integral over ½0;N Þ w.r.t. t; we prove (1.3) from (3.5) for
pA½1; 2Þ:
To prove (1.3) for p ¼ 2; it then sufﬁces to show that WrA2 ð f m; mÞp
limpm2 W
rA
p ð f m; mÞ (and hence they are equal). Indeed, for any bounded measurable
functions g and h satisfying
gðxÞphðy Þ þ rAðx; y Þ2; x; yAM;
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we have
gðxÞphðy Þ þ rAðx; y Þ pð2NÞ2p; x; yAM;
where N :¼ 1þ supfjhj3jgjg: Then, by the Monge–Kantorovich dual formula of the
Wasserstein distances (see e.g. [14]), we obtain
lim
pm2
WrAp ð f m; mÞ pXmð fgÞ  mðhÞ
and hence limpm2 W
rA
p ð f m; mÞ pXWrA2 ð f m; mÞ2 since g; h are arbitrary. &
Proof of Proposition 1.3. Let mB :¼ mð-BÞmðBÞ for a measurable set B with positive
measure. One has W
rA
1 ðmB; mBchÞXh for hX0: Then it follows from (1.5) that
hpWrA1 ðmB; mÞ þ WrA1 ðmBch ; mÞ
p p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
CðmðBÞðp2Þ=p  1Þ
ð2 pÞ2a
s
þ p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
CðmðBchÞðp2Þ=p  1Þ
ð2 pÞ2a
s
: ð3:6Þ
Since there is xA½mðBÞ; 1 such that
mðBÞðp2Þ=p  1 ¼ 2 p
p
xðp2Þ=p log x1p2 p
p
mðBÞðp2Þ=p log mðBÞ1;
Eq. (3.6) implies (1.6). When a ¼ 1; by letting pm2 and using (1.6), we arrive at
mðBchÞpexp 
1
2C
ðh 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2C log mðBÞ1
q
Þ2þ
 
:
If 0pao1 and hXCðaÞð2aÞ=2; then taking pA½1; 2Þ such that 2p
p
¼ CðaÞh2=ð2pÞ; we
obtain from (1.6) that
mðBchÞp 1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 a
p

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
CðaÞh2=ð2pÞ
mðBÞCðaÞh2=ð2aÞ
log mðBÞ1
s !2
þ
8<
:
9=
;
h2=ð2aÞ=CðaÞ
: &
4. Some results on ðIpÞ
Proposition 4.1. (1) ðIpÞ is equivalent to (1.2).
(2) ðIpÞ implies ðI1Þ for any pX1:
Proof. These two assertions are well known for p ¼ 2 (see e.g. [7]). So, we
only prove for pa2: In this case the ﬁrst assertion follows by observing that ðIpÞ
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is equivalent to
d
dt
jmððPtf Þ2=pÞ  mð f Þ2=pjp 2
C
jmððPtf Þ2=pÞ  mð f Þ2=pj
for nonnegative fACNc ðMÞ when pX1 buta2: The proof of (2) is also standard by
using Taylor’s extensions. Let ðIpÞ hold for some p > 1 buta2: For any nonnegative
fACNc ðMÞ; applying ðIpÞ to 1þ tf for small t > 0; we obtain
Ct2Eð f ; f ÞX mðð1þ tf Þ
2Þ  mðð1þ tf Þ pÞ2=p
2 p
¼ 1þ 2tmð f Þ þ t
2mð f 2Þ  f1þ ptmð f Þ þ pðp  1Þt2mð f 2Þ=2þ Oðt3Þg2=p
2 p
¼ t2½mð f 2Þ  mð f Þ2 þ Oðt3Þ:
Letting tk0 we obtain ðIpÞ for p ¼ 1: &
We guess that ðIpÞ is monotone in p in the sense that ðIp) implies ðIqÞ whenever
pXq: In this paper, however, we are not able to prove this monotony. Nevertheless,
we have the following slightly weaker statement due to [11].
Proposition 4.2. Let pA½1;N Þ and consider the functional inequality
ðI 0pÞ
p½mð f 2Þ  mð f pÞ2=p
2 p pCEð f ; f Þ; fX0; fADðEÞ;
where C > 0 is a constant. Then ðI 0pÞ implies ðI 0qÞ for pXq:
Proof. Let fACNc ðMÞ; fX0: It sufﬁces to prove that
fðpÞ :¼ p½ðmð f
2Þ  mð f pÞ2=p
2 p
is nondecreasing in p for pX1: Indeed, f0ðpÞX0 if and only if
ð2 pÞmð f pÞð2pÞ=pm f p log f
p
mð f pÞ
 
pp½mð f 2Þ  mð f pÞ2=p: ð4:1Þ
Since (4.1) is homogeneous in f ; we may assume that mð f pÞ ¼ 1: Then (4.1) follows
by noting that
ð2 pÞrp log rppp½r2  rp
for all r > 0: &
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In the next result we present a sufﬁcient condition for ðIpÞ using the gradient
estimate of semigroups.
Proposition 4.3. Let pA½1; 2 and q ¼ 2p=ð3p  2Þ: Assume that there is a function
x : ð0;N Þ-ð0;N Þ with RN0 xðtÞ dtoN such that
jrPtf jqApxðtÞq=2Ptjrf jqA; to0; fACNc ðMÞ; ð4:2Þ
then ðIpÞ holds for C ¼ 2
RN
0
xðtÞ dt:
Proof. It sufﬁces to prove for pA½1; 2Þ and strictly positive fACNc ðMÞ: By (4.2) we
have
jrPtf pj2A ¼ðjrPtf pjqAÞ2=qpxðtÞðPtjrf pjqÞ2=q
¼ p2xðtÞ½Ptðjrf jqf ðp1ÞqÞ2=qpp2xðtÞðPtjrf j2ÞðPtf pÞ2ðp1Þ=p:
Then
mð f 2Þ  mð f pÞ2=p ¼ 
Z N
0
d
dt
mððPtf pÞ2=pÞ
 
dt
¼  2
p
Z N
0
/ðPtf pÞð2pÞ=p;LPtf pSL2ðmÞ dt
¼ 2ð2 pÞ
p2
Z N
0
dt
Z
M
ðPtf pÞ2ð1pÞ=pjrPtf pj2A dm
p 2ð2 pÞEð f ; f Þ
Z N
0
xðtÞ dt: &
To prove the gradient estimate (4.2), let us recall Bakry–Emery’s curvature
condition. For fACNðMÞ; let G2ð f ; f Þ :¼ 12fLGð f ; f Þ  2Gð f ;Lf Þg: Assume that
there exists kACðMÞ such that
G2ð f ; f ÞXkGð f ; f Þ ¼ kjrf j2A; fACNðMÞ: ð4:3Þ
According to Bakry and Emery [2], the log-Sobolev inequality (1.1) (i.e. ðIpÞ with
p ¼ 2) holds provided inf kX1
C
: Below we consider the case where k is not necessarily
uniformly positive.
Proposition 4.4. Let q > 1: Assume that A ¼ I and for some kACðMÞ
ðRicHessV ÞðX ;X ÞX kðxÞjX j2; xAM; XATxM:
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If k is bounded below then
jrPtf ðxÞjqpðPtjrf jqðxÞÞðExeq
0
R t
0
kðxsÞ dsÞq=q0 ; fACN0 ðMÞ;
where q0 > 1 is such that 1
q
þ 1
q0 ¼ 1; and Ex denotes the expectation w.r.t. the
distribution of the L-diffusion process starting from x: Consequently, if in addition
CðkÞ :¼ sup
x
Z N
0
ðExeq0
R t
0
kðxsÞ dsÞ2=q0 dtoN;
then ðIpÞ holds for C ¼ 2CðkÞ and p ¼ 2q3q2:
Proof. Let fVtATxt Mg be the derivative process of the L-diffusion process fxtg; one
has (see e.g. [9,17])
jVtjpjV0j exp
Z t
0
kðxsÞ ds
 
a:s:
and
/rPtf ;V0S ¼ E/rf ðxtÞ;VtS; fAC1bðMÞ:
Then the proof is completed by using Ho¨lder’s inequality. &
Finally, we consider elliptic diffusions on Rd : Let
La;b ¼
Xd
i:j¼1
aij@i@j þ
Xd
i¼1
bi@i;
where a :¼ ðaijÞdd ¼ ssn for a C1 matrix-valued function s; and b :¼ ðbiÞ is a C1
vector-valued function.
Proposition 4.5. Let L ¼ La;b: For pA½1; 2Þ; let q ¼ 2p3p2: If
Kq :¼ sup
x;vARd ;jvj¼1
/v; @vbSþ jj@vsðxÞjj2HS þ
4ðp  1Þ
2 p j/v; @vsðxÞSj
2
 
oN; ð4:4Þ
then
jrPtf jqpðPtjrf jqÞeqKqt; tX0; fAC1bðRdÞ:
Proof. We use a coupling method due to [6]. One may also use a Bismut’s type
derivative formula as in [9] after checking some regularity conditions. Consider the
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following coupling operator of L (see [6]):
L˜ðx; y Þ :¼ LðxÞ þ Lðy Þ þ
Xd
i;j¼1
ðsðxÞsðy Þn þ sðy ÞsðxÞnÞij
@2
@xi@yj
; ðx; y ÞARd  Rd :
Let rðx; y Þ :¼ jx  yj: For any fAC2½0;N Þ and any xay; according to (2.8) in [6]
we have (note that the diffusion matrix in [6] reads 1
2
a rather than a)
L˜f 3rðx; y Þ ¼ %Aðx; y Þf 00ðrðx; y ÞÞ þ f
0ðrðx; y ÞÞ
rðx; y Þ ðtrAðx; y Þ 
%Aðx; y Þ þ Bˆðx; y ÞÞ;
where for v :¼ xyjxyj and zs :¼ sx þ ð1 sÞy; one has (caution: 2Cðx; y Þ in the
deﬁnition of Aðx; y Þ in [6] should be replaced by Cðx; y Þ þ Cðx; y Þn in case that
Cðx; y Þ is not symmetric).
%Aðx; y Þ :¼ 1jx  yj2 /x  y; ðsðxÞ  sðy ÞÞðsðxÞ  sðy ÞÞ
nðx  y ÞS
p jx  yj2
Z 1
0
j/v; @vsSðzsÞj2 ds
tr Aðx; y Þ þ Bˆðx; y Þ :¼ tr ððsðxÞ  sðy ÞÞðsðxÞ  sðy ÞÞnÞ þ/x  y; bðxÞ  bðy ÞS
p jx  yj2
Z 1
0
ðjj@vsjj2HSðzsÞ þ/@vb; vSðzsÞÞ ds
 
:
Letting f ðrÞ ¼ rq0 for q0 ¼ 2p
2p which is the conjugate number of q; we obtain
L˜rq
0 ðx; y Þp q0rq0 ðx; y Þ
Z 1
0
fðq0  2Þj/v; @vsSj2 þ jj@vsjj2HS þ/@vb; vSgðzsÞ ds
p q0Kqrq
0 ðx; y Þ; x; yARd :
Thus, by a standard argument we arrive at
Ex;yrq
0 ðxt; ytÞprq0 ðx; y Þeq0Kqt; tX0;
where ðxt; ytÞ is the coupling process generated by L˜: Therefore,
jPtf ðxÞ  Ptf ðy Þj
jx  yj p E
x;y j f ðxtÞ  f ðytÞjq
rqðxt; ytÞ
 1=qðEx;yrq0 ðxt; ytÞÞ1=q0
jx  yj
p eKqt Ex;y j f ðxtÞ  f ðytÞj
q
rqðxt; ytÞ
 1=q
:
Letting y-x we have yt-xt a.s. and hence the proof is completed by using Fatou’s
lemma. &
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5. The diffusion path spaces
Let LZ :¼ divðArÞ þ Z for AAC3 and Z a C2-vector ﬁeld such that the
LZ-diffusion process is nonexplosive. Let P
Z
t be the corresponding Markov
semigroup. For oAM and T > 0; let mTo be the distribution of the LZ-
diffusion process fxtg0ptpT with x0 ¼ o; which is a probability measure on the
path space
MTo :¼ fxACð½0;T ; MÞ : x0 ¼ og
with the s-ﬁeld ATo induced by all cylindrically measurable functions.
The aim of this section is to apply Theorem 1.1 to obtain the transportation cost
inequalities on MTo : Concerning the Ornstein–Uhlenbeck process on M
T
o ; when M ¼
Rd the intrinsic distance is the so-called H1-distance. For this distance the
transportation cost inequality has been established by Gentil [10] on the Brownian
path space over Rd : Since the log-Sobolev inequality holds on the Brownian path
space over a Riemannian manifold with bounded Ricci curvature (see [5] and
references therein), one may hope to prove the transportation cost inequality on the
path space over such a manifold using the intrinsic distance.
To this end, a natural way is to apply Theorem 1.1 via ﬁnite dimensional
approximations. In this section, both the L2-distance and the intrinsic distance on
MTo are considered, where the result concerning the L
2-distance only relies on the
gradient estimate of PZt ; which follows from the lower bound rather than the
uniform bound of the curvature appeared in the known log-Sobolev inequality [5].
5.1. The L2-distance
Let rðx; y Þ be the Riemannian distance. For I ¼ fs1;y; sng with
0os1o?osnpT ; let s0 :¼ 0 and deﬁne
rI ðxI ; yI Þ ¼
Xn
i¼1
ðsi  si1Þrðxsi ; ysiÞ2
( )1=2
for xI ; yIAMI :¼ fðxs1 ;y; xsnÞ : xsiAM; 1pipng: Let W Ip denote the correspond-
ing Lp-Wasserstein distance for probability measures on MI : Moreover, for a
probability measure mT on MTo ; let m
I denote its projection onto MI : For two
probability measures mT1 and m
T
2 on M
T
o ; deﬁne
W Tp ðmT1 ; mT2 Þ :¼ sup W Ip ðmI1; mI2Þ : dðIÞ :¼ maxiðsi  si1Þp1; s0 :¼ 0
n o
¼ sup inf
pIACðmI1;mI2Þ
Z
MIMI
rIðxI ; yI Þ ppI ðdxI ; dyI Þ : dðIÞp1
( )1=p
:
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Finally, let
rTðx; yÞ :¼
Z T
0
rðxs; ysÞ2 ds
 1=2
;
and let Wr
T
p denote the L
p-Wasserstein distance w.r.t. rT :
To get rid of the nonexplosion assumption of the diffusion processes on the
discretized path spaces, we simply consider the compact manifold. In general,
Theorem 5.1 holds if the heat weighted diffusion processes we used below are
nonexplosive.
Theorem 5.1. Assume that M is compact. Let pA½1; 2 and q :¼ 2p
3p2: If there is KqX0
and a > 0 such that
jrPZt f jqpðPZt jrf jqÞeqKqt; tX0; fAC1bðMÞ; ð5:1Þ
then
Wr
T
p ðFmTo ; mTo Þ2pW Tp ð f mTo ;mTo Þ2
p 2lp2T ð3p2Þ=pe2KqT m
T
0 ðF2=pÞ  1
2 p ; FX0; m
T
0 ðFÞ ¼ 1; ð5:2Þ
where l denotes the supremum of the largest eigenvalue of A; and the first inequality is
independent of (5.1).
To prove Theorem 5.1, we need the following two lemmas.
Lemma 5.2. Let pA½1; 2: If (5.1) holds then
PZt f
2  ðPZt f pÞ2=p
2 p p
lðe2Kqt  1Þ
Kq
PZt jrf j2; t > 0; fX0; fACN0 ðMÞ:
Proof. It sufﬁces to prove for pA½1; 2Þ: For ﬁxed t > 0 and strictly positive
fACNc ðMÞ; let
hðsÞ :¼ PZs ðPZtsf pÞ2=p; sA½0; t:
By (5.1) we have
h0ðsÞ ¼PZs LZðPZtsf pÞ2=p 
2
p
PZs ðPZtsf pÞð2pÞ=pLZPZtsf p
¼ 2ð2 pÞ
p2
PZs fðPZtsf pÞ2ð1pÞ=p/ArPZtsf p;rPZtsf pSg
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p 2ð2 pÞl
p2
PZs fðPZtsf pÞ2ð1pÞ=pjrPZtsf pj2g
p 2ð2 pÞl
p2
PZs fðPZtsf pÞ2ð1pÞ=pðPZtsjrf pjqÞ2=qe2KqðtsÞg
p 2ð2 pÞle2KqðtsÞPZt jrf j2; sA½0; t:
This completes the proof. &
Lemma 5.3. Assume (5.1). Let F be a nonnegative cylindrically C1b-function with
FðxÞ ¼ f ðxs1 ;y; xsnÞ; 0os1o?osnpT : We have
mTo ðF 2Þ  mTo ðF pÞ2=p
2 p pl
Xn
i¼1
Z Xn
j¼i
jrsj f jq
e2Kqðsjsi1Þ  e2KqðsjsiÞ
Kq
 q=2( )2=q
dmTo ;
ð5:3Þ
where rsj stands for the gradient operator on the jth manifold Msj :
Proof. It sufﬁces to prove for pA½1; 2Þ and strictly positive fACNc ðMIÞ; I :¼
fs1;y; sng: Lemma 5.2 implies the desired result for n ¼ 1: Assume that the
result holds for all npk for some kX1; it remains to prove for n ¼ k þ 1: Let
Pðt; x; dy Þ denote the transition probability of the LZ-diffusion process, and simply
denote
dms1;y;sko :¼Pðs1; o; dxs1Þ?Pðsk  sk1; xsk1 ; dxkÞ;
dmskþ1skxsk :¼Pðskþ1  sk; xsk ; dxskþ1Þ;
gðxs1 ;y; xskÞ :¼
Z
M
f ðxs1 ;y; xskþ1Þ p dmskþ1skxsk
 1=p
:
By Lemma 5.2 we have
mTo ðF 2Þ ¼
Z
dms1;y;sko
Z
M
f ðxs1 ;y; xskþ1Þ2 dmskþ1skxsk
p
Z
gðxs1 ;y; xskÞ2 dms1;y;sko þ
ð2 pÞlðe2Kqðskþ1skÞ  1Þ
Kq
mTo ðjrskþ1f j2Þ: ð5:4Þ
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Next, by (5.3) for n ¼ k; (5.1) and Ho¨lder’s inequality, we obtain
R
gðxs1 ;y; xskÞ2 dms1;y;sko  mTo ð f pÞ2=p
2 p
pl
Xk
i¼1
Z Xk
j¼i
jrsj gjq
e2Kqðsjsi1Þ  e2KqðsjsiÞ
Kq
 q=2( )2=q
dms1;y;sko
pl
Xk
i¼1
Z
gð1pÞq
Z
M
dmskþ1skxsk f
ðp1Þq
(

Xk
j¼i
e2Kqðsjsi1Þ  e2KqðsjsiÞ
Kq
 q=2
jrsj f jq
"
þ e
2Kqðsksi1Þ  e2KqðsksiÞ
Kq
 q=2
eqKqðskþ1skÞjrskþ1 f jq
#)2=q
dms1;y;sko
¼ l
Xk
i¼1
Z
gð1pÞq
Z
M
f ðp1Þq
Xkþ1
j¼i
e2Kqðsjsi1Þ  e2KqðsjsiÞ
Kq
 q=2(
 jrsj f jq dmskþ1skxsk
)2=q
dmTo
pl
Xk
i¼1
Z Xkþ1
j¼i
jrsj f jq
e2Kqðsjsi1Þ  e2KqðsjsiÞ
Kq
 q=2( )2=q
dmTo :
Combining this with (5.4) we prove (5.3) for n ¼ k þ 1: &
Corollary 5.4. In the situation of Lemma 5.3, we have ðs0 :¼ 0Þ
mTo ðF 2Þ  mTo ðFpÞ2=p
2 p p2lT
ð3p2Þ=pe2KqT
Z Xn
i¼1
jrsi f j2
ðsi  si1Þ2ðp1Þ=p
dmTo :
Proof. By (5.3) and using Ho¨lder’s inequality, we have
mTo ðF2Þ  mTo ðFpÞ2=p
2 p
p2l
Xn
i¼1
ðsi  si1Þe2KqðTsi1Þ
Z Xn
j¼i
jrsj f jq
( )2=q
dmTo
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p2l
Xn
i¼1
ðsi  si1Þe2KqðTsi1Þ
Z Xn
j¼i
jrsj f j2
ðsj  sj1Þ2ðp1Þ=p
( )

Xn
j¼i
ðsj  sj1Þ
 !ð2qÞ=q
dmTo
p2lT ð3p2Þ=pe2KqT
Z Xn
j¼1
jrsj f j2
ðsj  sj1Þ2ðp1Þ=p
dmTo : &
Proof of Theorem 5.1. We only prove for pA½1; 2Þ: Let FX0 be such that mTo ðFÞ ¼ 1
and mTo ðF2=pÞoN: For I :¼ fs1;y; sng with 0os1o?osnpT ; let FI ðxI Þ :¼
mTo ðF jxIÞ: It is easy to check that rI is the Riemannian distance on MI with the
Riemannian metric
/X ;YSI :¼
Xn
i¼1
ðsi  si1Þ/Xi;YiS;
where Xi (resp. Yi) stands for the projection of X (resp. Y ) onto the tangent space of
the ith manifold. Let Wr
I
p denote the corresponding L
p-Wasserstein distance on MI :
Applying Theorem 1.1 to MI with A ¼ I and m ¼ mIo; we obtain from Corollary 5.4
that
Wr
I
p ðFImIo; mIoÞ2p
2lp2T ð3p2Þ=pe2KqT ½mIoððFI Þ2=pÞ  1
2 p
p 2lp
2T ð3p2Þ=pe2KqT ½mTo ðF2=pÞ  1
2 p :
It remains to prove the ﬁrst inequality in (5.2). Since ðMTo ; rTÞ is a Polish space,
fmTo ;FmTo g is tight. Moreover, for any compact set DCMTo and any pACðFmTo ; mTo Þ
one has
pððD  DÞcÞpmTo ðDcÞ þ ðFmTo ÞðDcÞ:
Then CðFmTo ; mTo Þ is tight too. Let fIng be increasing such that dðInÞk0 as nmN;
where dðInÞ :¼ max1pipknþ1ðsi  si1Þ for In :¼ f0 ¼ s0os1o?osknoT ¼ sknþ1g:
For each nX1 let pInACðFInmIno ; mIno Þ such that
pInððrInÞ pÞpWrInp ðF InmIno ; mIno Þ p þ
1
n
:
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Let pnðÞ :¼
R
pInðdxIn ; dyInÞ½ðFmTo Þ  mTo ðjxIn ; yInÞ; i.e. for any measurable ACMTo 
MTo ; one has
pnðAÞ :¼
Z
MInMIn
½ðFmTo Þ  mTo ðAjxIn ; yInÞpInðdxIn ; dyInÞ:
Then fpngCCðFmTo ; mTo Þ: Let fpn0 g be a subsequence such that pn0-p weakly for a
probability measure p on MTo  MTo ; then pACðFmTo ; mTo Þ: Thus for any nX1 and
any N > 0; let rInN be deﬁned as r
In but with r replaced by r4N; we have
pððrInNÞ pÞ ¼ lim
n0-N
pIn0 ððrInNÞ pÞpW Tp ðFmTo ; mTo Þ p þ sup
n0>n
pIn0 ðjðrInNÞ p  ðrIn0N Þ pjÞ: ð5:5Þ
Noting that jrðxs; ysÞ  rðxt; ytÞjprðxs; xtÞ þ rðys; ytÞ; we have
sup
n0>n
pIn0 ðjrInN  rIn0N jÞp
Z
MTo
N4 sup
0osotoT ;tspdðInÞ
rðxs; xtÞ
( )
ðFmTo þ mTo ÞðdxÞ;
which converges to zero as n-N according to the dominated convergence theorem.
By letting ﬁrst nmN then NmN in (5.5), we complete the proof. &
5.2. The intrinsic distance
For any fAC1ðMI Þ; let Ff ðxÞ :¼ f ðxI Þ; xAMTo : Let
FC1 :¼ fFf : fAC1ðMI Þ for some partition I of ½0;T g:
Recall that the square ﬁeld operator determined by the H1-derivative reads
GðFf ;FgÞðxÞ ¼
Xn
i;j¼1
ðsi4sjÞ/tsjt1si rsi f ;rsj gSðxIÞ; f ; gAC1ðMI Þ;
where ts : ToM-Txs M is the stochastic parallel transport along the diffusion path
x Deﬁne the intrinsic distance
rTHðx; yÞ :¼ supfjFðxÞ  FðyÞj : FAFC1;GðF ;FÞp1g:
Then the corresponding Lp-Wasserstein distance via the Monge–Kantorovich dual
formula is
W
rT
H
p ðn; mÞ p :¼ supfnðGÞ  mðFÞ : F ;GAFC1; GðxÞpFðyÞ
þ rTHðx; yÞ p; x; yAMTo g:
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Theorem 5.5. Assume that M is compact and A ¼ I: Let pA½1; 2: If
mTo ðF2Þ  mTo ðF pÞ2=p
2 p pCEðF ;FÞ :¼ Cm
T
o ðGðF ;FÞÞ; FAFC1; FX0; ð5:6Þ
then
W
rT
H
p ðFmTo ; mTo Þpp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
CðmTo ðF 2=pÞ  1Þ
2 p
s
; FX0; mTo ðFÞ ¼ 1:
In particular, let
K :¼ supfjjRicu  u1rZðpuÞjj : uAOðMÞg;
where p : OðMÞ-M is the projection and jj  jj is the operator norm on Rd ; we have
W
rT
H
2 ðFmTo ; mTo ÞpeKT
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2mTo ðF log FÞ
q
; FX0; mTo ðFÞ ¼ 1:
Proof. For any partition I ¼ fs1; s2;y; sng with s0 :¼ 0os1o?osnpT ; and for
any z ¼ ðzs1 ;yzsnÞAMI ; deﬁne
nzðdxÞ :¼ mTo ðdxjxI ¼ zÞ:
Then for any fAC1ðMI Þ; one has
EðFf ;Ff Þ :¼
Z
MTo
GðFf ;Ff Þ dmTo
¼
Z
MTo
Xn
i;j¼1
ðsi4sjÞ/tsjt1si rsi f ;rsj fS dmTo
¼
Z
MI
Xn
i;j¼1
/aIijðxI Þrsi f ðxI Þ;rsj f ðxI ÞSmIoðdxI Þ; ð5:7Þ
where
aIijðxI Þ :¼ ðsi4sjÞ
Z
MTo
tsjt
1
si
dnxI ; 1pi; jpn:
For a vector ﬁeld X on MI ; let Xi denote its projection on TM
fsig: Deﬁne
ðAI X Þj :¼
Xn
i¼1
aIijXi; j ¼ 1;y; n:
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Then AI : TMI-TMI is continuous with AIðxI Þ a strictly positive deﬁnite,
symmetric linear operator at each xI : Since M is compact, a continuous mapping
can be uniformly approximated by smooth ones. Therefore, Theorem 1.1 holds also
for continuous A: Moreover, by (5.7), (5.6) implies ðIpÞ on MI for the measure mIo
and the form
EI ð f ; f Þ :¼ mIoð/AIrMI f ;rMI fSÞ:
Thus, it follows that
W
rI
H
p ðF ImIo; mIoÞpp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
CðmIoððFI Þ2=pÞ  1Þ
2 p
s
pp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
CðmTo ðF 2=pÞ  1Þ
2 p
s
for all FX0 with mTo ðFÞ ¼ 1; where FI ðxI Þ :¼ mTo ðF jxI Þ and
rIHðxI ; yIÞ :¼ supfj f ðxI Þ  f ðyI Þj : fAC1ðMIÞ;/AIrMI f ;rMI fSp1g
¼ supfj f ðxI Þ  f ðyI Þj : fAC1ðMIÞ; nzI ðGðFf ;Ff ÞÞp1; zAMTo g
X supfj f ðxI Þ  f ðyI Þj : fAC1ðMIÞ;GðFf ;Ff Þp1g:
Thus,
W
rT
H
p ðFmTo ; mTo Þp sup
I
W
rI
H
p ðF ImIo; mIoÞpp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
CðmTo ðF2=pÞ  1Þ
2 p
s
:
Finally, the second assertion follows from the ﬁrst one and the log-Sobolev
inequality in [5, Theorem 1]. Note that we are considering L ¼ Dþ Z and the time
interval ½0;T ; this is equivalent to consider 1
2
ðDþ ZÞ with time interval ½0; 2T ; then
one should replace eK in [5, Theorem 1] by e2KT : &
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